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MAXIMAL SUPERSYMMETRY IN TEN AND ELEVEN
DIMENSIONS
JOSÉ FIGUEROA-O'FARRILL
Abstrat. This is the written version of a talk given in Bonn on
September 11th, 2001 during a workshop on Speial strutures in
string theory. We report on joint work in progress with George
Papadopoulos aimed at lassifying the maximally supersymmetri
solutions of the ten- and eleven-dimensional supergravity theories
with 32 superharges.
1. Eleven-dimensional supergravity
Eleven-dimensional supergravity was predited by Nahm [Nah78℄
and onstruted soon thereafter by Cremmer, Julia and Sherk [CJS78℄.
We will only be onerned with the bosoni equations of motion. The
geometrial data onsists of (M11, g, F ) where (M, g) is an eleven-
dimensional lorentzian manifold with a spin struture and F ∈ Ω4(M)
is a losed 4-form. The equations of motion generalise the Einstein
Maxwell equations in four dimensions. The Einstein equation relates
the Rii urvature to the energy momentum tensor of F . More pre-
isely, the equation is
Ric(g) = T (g, F ) (1)
where the symmetri tensor
T (X, Y ) = 1
2
〈ıXF, ıY F 〉 − 16g(X, Y )|F |2 ,
is related to the energy-momentum tensor of the (generalised) Maxwell
eld F . In the above formula, 〈−,−〉 denotes the salar produt on
forms, whih depends on g, and |F |2 = 〈F, F 〉 is the assoiated (indef-
inite) norm. The generalised Maxwell equations are now nonlinear:
d ⋆ F = 1
2
F ∧ F . (2)
Denition 1. A triple (M, g, F ) satisfying the equations (1) and (2)
is alled a (lassial) solution of eleven-dimensional supergravity.
Let $ denote the bundle of spinors1 on M . It is a real vetor bundle
of rank 32 with a spin-invariant sympleti form (−,−). A dierential
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As David Calderbank likes to remind me, there is big money in spin geometry.
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form on M gives rise to an endomorphism of the spinor bundle via the
omposition
c : ΛT ∗M
∼=−→ Cℓ(T ∗M)→ End $ ,
where the rst map is the bundle isomorphism indued by the vetor
spae isomorphism between the exterior and Cliord algebras, and the
seond map is indued from the ation of the Cliord algebra Cℓ(1, 10)
on the spinor representation S of Spin(1, 10). In signature (1, 10) one
has the algebra isomorphism
Cℓ(1, 10) ∼= Mat(32,R)⊕Mat(32,R) ,
hene the map Cℓ(1, 10) → EndS has kernel. In other words, the
map c dened above involves a hoie. This omes down to hoosing
whether the (normalised) volume element in Cℓ(1, 10) ats as ± the
identity. We will assume that a hoie has been made one and for all.
Denition 2. We say that a lassial solution (M, g, F ) is supersym-
metri if there exists a nonzero spinor ε ∈ Γ($) whih is parallel with
respet to the superovariant onnetion
D : Γ($)→ Γ(T ∗M ⊗ $)
dened, for all vetor elds X, by
DXε = ∇Xε− ΩX(F )ε ,
where ∇ is the spin onnetion and Ω(F ) : TM → End$ is dened by
ΩX(F ) =
1
12
c(X♭ ∧ F )− 1
6
c(ıXF ) ,
with X♭ the one-form dual to X.
A nonzero spinor ε whih is parallel with respet to D is alled
a Killing spinor. This is a generalisation of the usual geometrial
notion of Killing spinor (see, for example, [BFGK90℄). The name is apt
beause Killing spinors are square roots of Killing vetors. Indeed,
one has the following
Proposition 1. Let εi, i = 1, 2 be Killing spinors: Dεi = 0. Then the
vetor eld V dened, for all vetor elds X, by
g(V,X) = (ε1, X · ε2)
is a Killing vetor.
There is a vast literature on supersymmetri solutions of eleven-
dimensional supergravity, but so far very few results of a general nature.
This problem omes down to studying the superovariant onnetion
D. Alas, D is not indued from a onnetion on the tangent bundle
and in fat, it does not even preserve the sympleti struture. In fat,
one has the following
Proposition 2. The holonomy of D is generially GL(32,R).
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2. KaluzaKlein redution and type IIA supergravity
Suppose that (M, g, F ) is a lassial solution of eleven-dimensional
supergravity admitting a free irle (or R) ation leaving g and F in-
variant. Let ξ denote the Killing vetor generating this ation. We
will assume that ξ is spaelike, so that its norm is everywhere positive.
Let N denote the spae of orbits. For deniteness we an onsider the
ase of a free irle ation. Let π : M → N be the anonial proje-
tion sending a point inM to the (unique) orbit it belongs to. For every
m ∈M , the tangent spae toM atm splits into vertial and horizontal
subspaes:
TmM = Vm ⊕Hm ,
where Vm is the one-dimensional subspae spanned by ξ(m) and Hm =
V
⊥
m is its perpendiular omplement. The projetion π∗ denes an
isomorphism Hm
∼= TπmN and there is a unique metri h on N for
whih this is also an isometry.
The horizontal distributionH denes a one-form ω suh that kerω =
H and normalised so that ω(ξ) = 1. Introduing a oordinate θ adapted
to the irle ation, we have ξ = ∂θ and ω = dθ + A, where A is
a horizontal one-form alled the RR one-form potential. Its eld-
strength pulls bak to the urvature dω of the prinipal onnetion,
whih is both horizontal and invariant, hene basi.
Finally, the metri on the bres is desribed by a funtion Φ on
N , alled the dilaton. In terms of these data, the eleven-dimensional
metri an be written as
g = π∗h + eπ
∗Φω ⊗ ω . (3)
Similarly we an deompose the four-form F as follows
F = ω ∧ ıξF +K ,
where ıξK = 0. It follows from the fat that F is losed and invariant,
that ıξF and K are basi. Therefore there are forms H ∈ Ω3(N) and
G ∈ Ω4(N) on N suh that
ıξF = π
∗H and K = π∗G ,
whene
F = ω ∧ π∗H + π∗G . (4)
The losed 3-form H is alled the NSNS 3-form and G is alled the
RR 4-form eld-strength.
The data (N, h,Φ, H,A,G) is then a solution of the equations of
motion of ten-dimensional type IIA supergravity theory. These equa-
tions are obtained from equations (1) and (2) by simply inserting the
expressions (3) for the metri and (4) for the four-form.
The data (N, h,Φ, H) denes the ommon setor of type II super-
gravity in ten dimensions. In this ontext, the NSNS 3-form H an be
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interpreted as the torsion three-form of a metri onnetion on (N, h).
This gives rise to a variety of torsioned geometries disussed at this
onferene by Friedrih and Papadopoulos.
How about supersymmetry? The irle ation lifts to an ation on
the spinor bundle, whih is innitesimally generated by the spinorial
Lie derivative introdued by Lihnerowiz. If ε is any spinor, then
Lξε = ∇ξε+ 14c(dξ♭)ε .
An invariant Killing spinor
DXε = 0 and Lξε = 0
gives rise to a IIA Killing spinor, and vieversa (at least loally). Notie
that the IIA Killing spinor equation has a purely algebrai omponent,
namely
(Lξ −∇ξ) ε = 0 ,
alled the dilatino equation.
A useful priniple in this game is the fat that supersymmetri so-
lutions to IIA supergravity an be lifted to invariant supersymmetri
solutions of eleven-dimensional supergravity. This proedure does not
involve any loss of supersymmetry; although it may sometimes result
in aidental supersymmetry in eleven dimensions. This means that it
is often more onvenient to work with eleven-dimensional supergravity
than with IIA supergravity.
3. Maximal supersymmetry
Denition 3. A lassial solution of eleven-dimensional or type IIA
supergravity is alled maximally supersymmetri if the spae of
Killing spinors is of maximal dimension, namely 32.
If (M, g, F ) is a maximally supersymmetri lassial solution of eleven-
dimensional supergravity, the superovariant onnetionD is at. Solv-
ing the atness equations of the superovariant onnetion one arrives
at the following theorem.
Theorem 1 ([KG84, FOP℄). Let (M, g, F ) be a maximally supersym-
metri solution of eleven-dimensional supergravity. Then (M, g) has
onstant salar urvature s, and depending on the value of s one has
the following lassiation:
• If s > 0, then (M, g) is loally isometri to AdS7×S4, where
AdS7 is the lorentzian spae-form of onstant negative urvature
−7s and S4 is the round sphere with onstant positive urvature
8s; and F =
√
6sdvol(S4).
• If s < 0, then (M, g) is loally isometri to AdS4×S7, where AdS4
has onstant negative urvature 8s and S7 is the round sphere with
onstant positive urvature −7s; and F = √−6s dvol(AdS4).
• If s = 0 there are two possibilities:
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 (M, g) is at and F = 0; or
 (M, g) is loally isometri an indeomposable lorentzian sym-
metri spae with solvable transvetion group, and F 6= 0.
The lassiation of symmetri spaes in indenite signature is hin-
dered by the fat that there is no splitting theorem saying that if the
holonomy representation is reduible, the spae is loally isometri to a
produt. In fat, loal splitting implies both reduibility and a nonde-
generay ondition on the fators [Wu64℄. This means that one has to
take into aount reduible yet indeomposable holonomy representa-
tions. The general semi-riemannian ase is still open, but indeompos-
able lorentzian symmetri spaes were lassied by Cahen and Wallah
[CW70℄ more than thirty years ago. At least for dimension n ≥ 3, there
are three types of indeomposable lorentzian symmetri spaes:
• dSn (de Sitter spae), the spae form with onstant positive ur-
vature,
• AdSn (anti de Sitter spae), the spae form with onstant negative
urvature, and
• an (n−3)-dimensional family of pp-waves with solvable transve-
tion group.
It is preisely this last lass of symmetri spaes whih, for n = 11, de-
sribes the gravitational part of a maximally supersymmetri solution
of eleven-dimensional supergravity.
4. The CahenWallah pp-waves
The CahenWallah n-dimensional pp-waves are onstruted as fol-
lows. Let V be a real vetor spae of dimension n − 2 endowed with
a eulidean struture 〈−,−〉. Let V ∗ denote its dual. Let Z be a real
one-dimensional vetor spae and Z∗ its dual. We will identify Z and
Z∗ with R via anonial dual bases {e+} and {e−}, respetively. Let
A ∈ S2V ∗ be a symmetri bilinear form on V . Using the eulidean
struture on V we an assoiate with A an endomorphism of V also
denoted A:
〈A(v), w〉 = A(v, w) for all v, w ∈ V .
We will also let ♭ : V → V ∗ and ♯ : V ∗ → V denote the musial
isomorphisms assoiated to the eulidean struture on V .
Let gA be the Lie algebra with underlying vetor spae V⊕V ∗⊕Z⊕Z∗
and with Lie brakets
[e−, v] = v
♭
[e−, α] = A(α
♯)
[α, v] = A(v, α♯)e+ ,
(5)
for all v ∈ V and α ∈ V ∗. All other brakets not following from
these are zero. The Jaobi identity is satised by virtue of A being
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symmetri. Notie that sine its seond derived ideal is entral, gA is
(three-step) solvable.
Notie that kA = V
∗
is an abelian Lie subalgebra, and its omple-
mentary subspae pA = V ⊕Z⊕Z∗ is ated on by kA. Indeed, it follows
easily from (5) that
[kA, pA] ⊂ pA and [pA, pA] ⊂ kA ,
whene gA = kA ⊕ pA is a symmetri split. Lastly, let B ∈ (S2p∗A)kA
denote the invariant symmetri bilinear form on pA dened by
B(v, w) = 〈v, w〉 and B(e+, e−) = 1 ,
for all v, w ∈ V . This denes on pA a kA-invariant lorentzian inner
produt of signature (1, n− 1).
We now have the required ingredients to onstrut a (lorentzian)
symmetri spae. Let GA denote the onneted, simply-onneted Lie
group with Lie algebra gA and let KA denote the Lie subgroup orre-
sponding to the subalgebra kA. The lorentzian inner produt B on pA
indues a lorentzian metri g on the spae of osets
MA = GA/KA ,
turning it into a symmetri spae.
Proposition 3 ([CW70℄). The metri on MA dened above is inde-
omposable if and only if A is nondegenerate. Moreover, MA and MA′
are isometri if and only if A and A′ are related in the following way:
A′(v, w) = cA(Ov,Ow) for all v, w ∈ V ,
for some orthogonal transformation O : V → V and a positive sale
c > 0.
From this result one sees that the moduli spae Mn of indeompos-
able suh metris in n dimensions is given by
Mn =
(
Sn−3 −∆) /Sn−2 ,
where
∆ =
{
(λ1, . . . , λn−2) ∈ Sn−3 ⊂ Rn−2 | λ1 · · ·λn−2 = 0
}
is the singular lous onsisting of eigenvalues of degenerate A's, and
Sn−2 is the symmetri group in n−2 symbols, ating by permutations
on Sn−3 ⊂ Rn−2.
A remarkable fat whih is still not properly understood is the fol-
lowing
Minor Mirale 1. There is a unique point A∗ ∈M11 for whih (MA∗ , g)
is the gravitational part of a maximally supersymmetri solution of
eleven-dimensional supergravity.
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Expliitly, we an write this solution as
g = 2dx+dx− −
(
3∑
i=1
(xi)2 + 1
4
9∑
i=4
(xi)2
)(
dx−
)2
+
9∑
i=1
(
dxi
)2
F = 3dx− ∧ dx1 ∧ dx2 ∧ dx3 .
The isometry group of the metri is not just GA but the larger group
GA ⋊ (SO(3)× SO(6)) ,
where SO(3)×SO(6) ⊂ SO(9) ats onGA by exponentiating the restri-
tion of the natural ation of SO(9) on V ⊕ V ∗ = R9 ⊕ R9. Intriguingly,
the dimension of the isometry group is 38, whih is the same as the di-
mension of the isometry groups of the other maximally supersymmetri
solutions of AdS-type. This deserves to be better understood.
5. Maximal supersymmetry in type IIA supergravity
Let (N, h,Φ, H,A,G) be a maximally supersymmetri solution of
type IIA supergravity. Let (M, g, F ), where g and F are given by (3)
and (4) respetively, denote the orresponding irle-invariant
2
solution
of eleven-dimensional supergravity. Sine no supersymmetry is lost in
this proess, (M, g, F ) is also maximally supersymmetri. Moreover,
the ation of the Killing vetor ξ must leave invariant all Killing spinors.
It is then a matter of going through the maximally supersymmetri
solutions lassied in Theorem 1 and heking whether there exists a
Killing vetor whih leaves all Killing spinors invariant. For the AdS
solutions, it follows from the semisimpliity of the isometry algebra
that no suh Killing vetor exists. It was shown in [FOP01℄, albeit in a
dierent ontext, that neither does the maximally supersymmetri pp-
wave solution admit suh Killing vetors. Finally, for the at solution
with F = 0, we an let ξ be any translation along a spaelike diretion.
The resulting IIA solution is suh that (N, h) is at, the dilaton is
onstant and all other elds vanish. In summary, we have proven the
following.
Theorem 2. The only maximally supersymmetri solution of type IIA
supergravity is a at spaetime with onstant dilaton and vanishing
(A,H,G).
Sine only the ommon setor elds are nonzero, this solution is also a
maximally supersymmetri solution of type IIB supergravity. However
in this ase we know at least another lass of maximally supersymmetri
solutions, with geometry AdS5×S5. The lassiation of maximally
supersymmetri solutions of type IIB supergravity is work in progress
[FOP℄.
2
This is a loal result  the ation is only innitesimal, hene we annot distin-
guish between irle or R ations.
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